FINITARY GROUP COHOMOLOGY AND 
EILENBERG-MAC LANE SPACES 



MARTIN HAMILTON 

Abstract. We say that a group G has cohomology almost ev- 
erywhere finitary if and only if the nth cohomology functors of G 
commute with filtered colimits for all sufficiently large n. 

In this paper, we show that if G is a group in Kropholler's class 
lh# with cohomology almost everywhere finitary, then G has an 
Eilenberg-Mac Lane space K(G, 1) which is dominated by a CW- 
complex with finitely many n-cells for all sufficiently large n. It is 
an open question as to whether this holds for arbitrary G. 

We also remark that the converse holds for any group G. 



1. Introduction 

Let G be a group and n e N. The nth cohomology of G is a functor 
H n (G, — ) from the category of ZG-modules to the category of abelian 
groups. We are interested in groups whose nth cohomology functors 
are finitary; that is, they commute with all filtered colimit systems of 
coefficient modules. 

We are concerned with the class lh# of locally hierarchically de- 
composable groups (see [10] for a definition of this class). If G is an 
LH^-group, then Theorem 2.1 in [13] shows that the set 

{neN: H n (G, -) is finitary} 

is either cofinite or finite. If this set is cofinite, we say that G has 
cohomology almost everywhere finitary, and if this set is finite, we say 
that G has cohomology almost everywhere infinitary. 

In [8 J we investigated algebraic characterisations of certain classes of 
LH^-groups with cohomology almost everywhere finitary. In this paper 
we prove the following topological characterisation: 

Theorem A. Let G be a group in the class lh#. Then the following 
are equivalent: 

(i) G has cohomology almost everywhere finitary; 
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(ii) G x Z has an Eilenberg-Mac Lane space K(G x Z, 1) with 
finitely many n-cells for all sufficiently large n; 

(iii) G has an Eilenberg-Mac Lane space K(G, 1) which is domi- 
nated by a CW-complex with finitely many n-cells for all suffi- 
ciently large n. 

The implications (ii) =>- (iii) and (iii) =>■ (i) hold for any group G, 
while our proof of (i) =>• (ii) requires the assumption that G belongs to 
the class lh^. We do not know whether (i) =^> (ii) holds for arbitrary 
G. 

1.1. Acknowledgements. I would like to thank my research super- 
visor Peter Kropholler for suggesting that a result like Theorem A 
should be true, and for his advice and support throughout this project. 
I would also like to thank Philipp Reinhard for explaining the argu- 
ments in Lemma [2.221 

2. Proof 

2.1. Proof of Theorem A (i) => (ii). 

Suppose that G is an LH^-group with cohomology almost everywhere 
finitary. We need to make use of complete cohomology, and refer the 
reader to (5J M, EE] for further information on definitions etc. If R is a 
ring, then we can consider the stable category of .R-modules; the objects 
are the -R-modules and the stable maps M — > N between -R-modules 

are the elements of the complete cohomology group Ext R (M, N). 
We make the following definitions: 

Definition 2.1. Let R be a ring. An -R-module M is said to be com- 
pletely finitary (over R) if and only if the functor 

Extfl(M, -) 

is finitary for all integers n. 

Remark 2.2. We see from 4.1(h) in [10] that every .R-module of type 
FPqo is completely finitary. 

Definition 2.3. Let R be a ring. An i?-module N is said to be com- 
pletely flat (over R) if and only if 

Ext^(M, N) = 
for all completely finitary i?-modules M. 

We have a version of the Eckmann-Shapiro Lemma for complete 
cohomology (Lemma 1.3 in |12j): 
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Lemma 2.4. Let H be a subgroup of G, V be a "LH -module and N be 
a ZG-module. Then, for all integers n, there is a natural isomorphism 

V^Ig(V ®zh zg, N) S Ert %H {V, N). 

Now, let G be an LH^-group, and N be a ZG-module. To check 
whether N is completely flat, it is enough to check whether the re- 
striction of N to every finite subgroup of G is completely flat, by the 
following proposition. This is where the assumption that G belongs to 
lhJ is used. 

Proposition 2.5. Let G be an LH^-group, and N be a ZG-module. 
Then the following are equivalent: 

(i) iV is completely flat as a ZG-module; 

(ii) iV is completely flat as a ZK -module for all finite subgroups K 
ofG. 

Proof. 

• (i) =>• (ii): Follows from Lemma [2T4l 

• (ii) =>■ (i): An easy generalization of Proposition 6.8 in [12] 
shows that if N is a ZG-module which is completely flat as a 
Zi^-module for all finite subgroups K of G, then N ®ih ZG is 
completely flat as a ZG-module for all LH^-subgroups H of G. 
Then, as we are assuming that G belongs to lhJ, the result 
follows. 

□ 

Write B := B(G,Z) for the ZG-module of bounded functions from 
G to Z. Following Benson [HE], a ZG-module M is said to be cofibrant 
if M ® B is projective. We now make the following definition: 

Definition 2.6. Let G be a group. A ZG-module is called basic if it 
is of the form U ®%k ZG, where K is a finite subgroup of G and U is 
a completely finitary, cofibrant ZA'-module. 

A ZG-module M is called poly-basic if it has a series 

= M < • • • < M n = M 

in which the sections M^/M^i are basic. 

The first step in the proof of Theorem A involves the following con- 
struction, which is a variation on the construction found in §4 of |12| : 

Definition 2.7. Let G be a group, and M be a ZG-module. We 
construct a chain 

M = M C M l C M 2 C • • • 



4 



MARTIN HAMILTON 



inductively so that for each n > there is a short exact sequence 

C n >-> M n © P n -» M n+l 

in which 

(i) C n is a direct sum of basic modules; 

(ii) P n is projective; and 

(iii) every map from a basic module to M n factors through C n . 

Set M = M. Suppose that n > and that M n has been constructed. 
Consider the pointed category whose objects are ordered pairs (C, <fi), 
where C is a basic module and is a homomorphism from C to M n , 
and whose morphisms are the obvious commutative triangles. Choose 
a set X n containing at least one object of this category from each iso- 
morphism class. Set C n := (B(c,(j>)£%n ^ anc ^ use ^ ne ma P s associated 
to each object to define a map C n — > M n . Properties (i) and (iii) are 
now guaranteed. 

Note that any basic module U ®%k^G can be written as a direct sum 
of copies of U. Then, as tensor products commute with direct sums, 
we see that any basic module is itself cofibrant. Hence C n is cofibrant, 
so C n (g> B is projective and we can set P n := C n <8> B. Finally, M n+ \ 
can be defined as the cokernel of this inclusion C n — > M n © P n , or in 
other words the pushout, and since the map C n — > P n is an inclusion, 
it follows that the induced map M n — > M n+ i is also injective and we 
regard M n as a submodule of M n+1 . Finally, set to be the colimit 

Moo := limM n . 

n 

Next, we have the following technical proposition, which shall be 
needed in the proof of Proposition 12.131 

Proposition 2.8. Let G be a group, and M be a ZG-module. Con- 
struct the chain 

M = M C M l C M 2 C • • • 

as in Definition 12.71 Then for each n, we can express M n+ i as a filtered 
colimit 

M n © P Xn 



M„4-i := lim 

A 



n+l • n 



where P\ n is projective and C\ n is poly-basic. 

Proof. Let X n be the set defined in Definition I2.7I We can write 3t n as 
the filtered colimit of its finite subsets 

X n := lim X A „ . 

An 
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Set 



Cx. 



(C,</>)e£ A . 



and 



C Xn ® B. 



The result now follows. 



□ 



The next step in the proof is to show that the module is com- 
pletely flat. Recall (see, for example, §3 of [TJ) that if M and N are ZG- 
modules, then Hom Z G (M, N) is the quotient of Hom ZG (M, N) by the 
additive subgroup consisting of homomorphisms which factor through 
a projective module. We have the following useful result (Lemma 2.3 



Lemma 2.9. Let M and N be ZG -modules. If M is cofibrant, then 
the natural map 



is an isomorphism. 

We also need the following lemma: 

Lemma 2.10. Let G be a finite group, and V be a ZG-module. Then 
V is cofibrant if and only if V is free as a Z-module. 

Proof. Let B := B(G,Z) denote the ZG-module of bounded functions 
from G to Z. First, note that as G is a finite group, B = ZG. 

Suppose that V is free as a Z-module. Then V <8> B = V <8> ZG is 
free ZC7-module, and hence V is cofibrant. 

Conversely, suppose that V is cofibrant, so V <S> B = V <8> ZG is 
a projective ZG-module. Then V ® ZG is projective as a Z-module, 
but as Z is a principal ideal domain, every projective Z-module is free. 
Hence, V ® ZG is free as a Z-module, and so it follows that V is free 
as a Z-module. □ 

We can now prove that is completely flat: 

Lemma 2.11. Let G be an LH^-group, and M be any ZG-module. 
Then the module M^, constructed as in Definition \2. 1\ is completely 
fiat. 

Proof. This is a generalization of Lemma 4.1 in |12j : 

As G belongs to lhJ, we see from Proposition 12.51 that it is enough 
to show that is completely flat over ZK for all finite subgroups K 
of G. By Lemma [2T41 it is then enough to show that 



m 



112] 



Hom ZG (M, N) -> Kxt. . :f; (.U. N) 




&d ZG (U® ZK ZG,M oo ) = 
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for every finite subgroup K of G and every completely finitary 7LK- 
module U. 

Fix K and U. As K is finite, U has a complete resolution in the 
sense of |6j. Let V be the zeroth kernel in one such resolution, so V 
is a submodule of a projective Zif-module. Therefore, V is free as 
a Z-module and it then follows from Lemma 12.101 that V is cofibrant 
as a Zif-module. Then, as U is stably isomorphic to V, (that is, U 
and V are isomorphic as objects of the stable category of Z.ff -modules, 
defined at the beginning of this section), it is enough to prove that 

&l G (V® ZK ZG,M M ) = 0. 

Therefore, we only need to show that Ext ZG (C, Mx.) = for all basic 
ZG-modules C. 

Let C be a basic ZG-module. As C is cofibrant, it follows from 
Lemma l2~9l that the natural map 

Hom ZG (C, M^) -> Ext° G (C, M M ) 

is an isomorphism. Let G Hom ggfC, M^). As C is basic, it is 
completely finitary, and we see that the natural map 

limRgm ZG (C, M n ) -> Hom ZG (C, M^) 

n 

is an isomorphism. Therefore, we can view as an element of lim Hom ZG (C ( , M n ) , 

and so (f> is represented by some G Hom ZG (C, M n ) for some n. Then, 
as the following diagram commutes: 

Hom ZG (C', M n ) > hm n Eom ZG (C, M n ) 

Hom ZG (C', Moo) 

we see that is in fact the image of under the map 

Honi-v if '. : HomzG(C) M «) Hom^ G fC, Moo) 

induced by the natural map i : M n — >■ Moo- 

The image Hom ZG (C', i.) (0) is defined as follows: As G Hom ZG (C, M n ) , 
it is represented by some map a : C — > M n . We can then consider the 
map 

/ : c A M n A Moo. 
Let / denote the image of / in Hom ZG (C, Moo). Then 

Hom Z G (C, Q(0) :=/■ 
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Now, by construction, we see that the composite C — > M n <^-» M n+1 
factors through the projective module P n . Hence, / factors through a 
projective, and so / = 0. We then conclude that Hom ZG (C, = 0, 

-0 

and so Ext ZG (C, Mx,) = 0, and therefore Mx, is completely flat over 
ZG, as required. □ 

Next, recall the following variation on Schanuel's Lemma (Lemma 
3.1 in [12]): 

Lemma 2.12. Let 

M" mM4» M' 

be any short exact sequence of R-modules in which it factors through a 
projective module Q. Then M is isomorphic to a direct summand of 
Q © M" . 

We now use the fact that the ZG-module Mx, is completely flat to 
prove the following: 

Proposition 2.13. Let G be an L,u^-group and M be a completely fini- 
tary, cofibrant ZG-module. Then M is isomorphic to a direct summand 
of the direct sum of a poly-basic module and a projective module. 

Proof. This is a generalization of an argument found in §4 of (12]: 
As in Definition 12.71 construct the chain 

M = M C Mi C M 2 C • • • 

of ZG-modules, and let M m := lim ^ M n . As G belongs to lhJ, we see 
from Lemma [2.111 that M^ is completely flat, and so 

Ext° G (M, Moo) = 0. 
Also, as M is cofibrant, it follows from Lemma l2~9l that 

Hom ZG (M, A^) = 0. 
Then, as M is completely finitary, we see that 

UmHom ZG (M, M n ) = 0. 

n 

Therefore, there must be some n such that the identity map on M maps 
to zero in Hom ZG (M, M n ). Hence, we see that the inclusion M M n 
factors through a projective module. By Proposition 12.81 we can write 
M n as a filtered colimit, 

M n = lim Mn -\® PXn -' := lim M A i; 

Xn-l U ^n-1 A n _l 
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where each P\ n _ 1 is projective and each C\ n _ 1 is poly-basic. Then, as 
M is completely finitary, a similar argument to above shows that there 
is some A n _i such that the inclusion M M\ n _ x factors through a 
projective module. 

Now, we can also write M\ filtered colimit: 



-i 



Mx n ^ = lim ^ := lim M A „_ 2 , 

An-2 A «- 1 A n _ 2 

and we continue as above. 

Continuing in this way, we eventually obtain a map M M\ which 
factors through a projective module Q. Now, M\ has been constructed 
in such a way that we have a short exact sequence 

K >-> M © P -» M Xo , 

where P := P\ © • ■ ■ © -P\ n _i, and K admits a filtration 

= K- X < K < ■ ■ ■ < K n _ x = K, 

with each isomorphic to C\ t . We see that the second map in 

the above short exact sequence must factor through P © Q, and as K 
is clearly poly-basic, the result now follows from Lemma 12.121 □ 

We can now prove the following: 

Proposition 2.14. Let G be an Lu^-group, and M be a completely 
finitary, cofibrant ZG-module. Then M is isomorphic to a direct sum- 
mand of a ZG-module which has a projective resolution that is eventu- 
ally finitely generated. 

Proof. We begin by showing that basic ZG-modules are isomorphic 
to direct summands of ZG-modules with projective resolutions that 
are eventually finitely generated. Recall that basic ZG-modules are 
of the form U ®%k ZG, where K is a finite subgroup of G and U is 
a completely finitary, cofibrant Zif-module. Write U as the filtered 
colimit of its finitely presented submodules, 

U = \imU x . 

A 

As U is completely finitary and cofibrant, it follows that Hom ZK (U, — ) 
is finitary, and so the natural map 

lim Rom ZK (U, U/U x ) -> Hom Zi ,(f/, lim U/U x ) 

A A 

is an isomorphism; that is, 

\imRom ZK (U,U/Ux) = 0. 
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Therefore, there must be some A such that the identity map on U 
maps to zero in B.om 7 K (U, U /U\). Hence, we see that the surjection 
U -» U/U\ factors through a projective Zif-module Q. Then, by 
Lemma 12.121 we see that U is isomorphic to a direct summand of 
Q ®U\. Now, as K is finite, every finitely presented Zi^-module is of 
type FPqo, so in particular U\ is of type FPoo. Then, as U ®-lk ZG 
is isomorphic to a direct summand of Q ®ik ZG ffi U\ ®%k ZG, where 
Q ®zk ZG is projective, and U\ ®zk ZG is of type FPqo, we see that 
U ®zk ZG is isomorphic to a direct summand of a ZG-module with a 
projective resolution that is eventually finitely generated. 

Next, as poly-basic modules are built up from basic modules by 
extensions, we see from the Horseshoe Lemma that every poly-basic 
ZG-module is isomorphic to a direct summand of a ZG-module with a 
projective resolution that is eventually finitely generated. 

Finally, if G is an LH#-group, and M is a completely finitary, cofi- 
brant ZG-module, it follows from Proposition 12.131 that M is isomor- 
phic to a direct summand of P ffi C, for some projective module P and 
some poly-basic module C. Then, as C is isomorphic to a direct sum- 
mand of a ZG-module with a projective resolution that is eventually 
finitely generated, the result now follows. □ 

We now have the following proposition: 

Proposition 2.15. Let G be an i,H$-group, and M be a completely 
finitary ZG -module. Also, let B := B(G, Z) denote the XG-module 
of bounded functions from G to Z. Then M © B has finite projective 
dimension over ZG. 

Proof. This is a generalization of Proposition 9.2 in [5]: 

Let K be a finite subgroup of G. We see from the Proposition in [15j 
that B is free as a Zi^-module, so M © B is a direct sum of copies of 
M © ZfT as a Zif-module, and hence has finite projective dimension 
over 7LK. It then follows from Lemma 4.2.3 in [TT] that 

Ext° ZK (A, M ® B) = 

for any Zi^-module A. In particular, we see that M © B is completely 
flat over ZK. As this holds for any finite subgroup K of G, we see 
from Proposition 12.51 that M ® B is completely flat over ZG. Then, as 
M is completely finitary over ZG, we see that 

Ext^ G (M, M ® B) = 0, 

and it then follows from Lemma 2.2 in [7] that M © B has finite pro- 
jective dimension over ZG. □ 
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Lemma 2.16. Let G be an lhJ- group with cohomology almost every- 
where finitary. Then there is an integer n > such that in any pro- 
jective resolution P* -» Z of G the nth kernel is a completely finitary, 
cofibrant module. 

Proof. As G has cohomology almost everywhere finitary, it follows from 
4.1 (ii) in [10] that the trivial ZG-module Z and every kernel of a projec- 
tive resolution of G is completely finitary. By Proposition ^. 15l it follows 
that B has finite projective dimension over ZG. If proj. dim ZG B = n, 
then clearly the nth kernel of any projective resolution of G is cofi- 
brant. □ 

Next, we have two straightforward results: 

Proposition 2.17. Let R be a ring, and suppose that 

-> N' -> iV -> P n -> ► P -> M -> 

«s an exact sequence of R-modules such that the Pi are projective, and 
N' and N have projective resolutions that are eventually finitely gener- 
ated. Then the partial projective resolution 

P n ^ ► P Q M -> 

of M can be extended to a projective resolution that is eventually finitely 
generated. 

Proof. Let K := Ker(P n — ► P„_i), so we have the following short exact 
sequence: 

AT' n -» nr. 

Next, let -» be a projective resolution of that is eventually 
finitely generated, and let L denote the zeroth kernel. We then have 
the following: 




Qo 

\ 

N'> >N »K 

where K is an extension of N' by L, and since both N' and L have 
projective resolutions that are eventually finitely generated, it follows 
from the Horseshoe Lemma that K also has such a resolution. We then 
have the following exact sequence: 

o _> k - g -> Pn - — ► Po ^ M -»• 0, 
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and the result now follows. □ 

Proposition 2.18. Let M be an R-module. If M has a projective reso- 
lution that is eventually finitely generated, then M has a free resolution 
that is eventually finitely generated. 

Proof. Let P* -» M be a projective resolution of M that is eventually 
finitely generated; say Pj is finitely generated for all j > n, and let 

K := Ker(P n _ 1 -> P n _ 2 ). 

Then K is of type FPqo, and hence of type FL^. We can therefore 
choose a free resolution F n +* -» K of K with all the free modules 
finitely generated. This gives the following exact sequence: 

> F n+1 -> F n -> P n _x -> ► P 2 -> Pi -> P -> M -> 0. 

Next, recall the Eilenberg trick (Lemma 2.7 §VIII in |4j): For any 
projective P-module P, we can choose a free P-module F such that P© 
P = F. Therefore, using this, we can replace the projective modules 
P in the above exact sequence by free modules Pj, at the expense of 
changing F n to a larger free module F' n . We then have the following 
free resolution 

> F n+2 -> P n+1 - F' n ^ P n _x -> ► P -> M -> 

of M, with the Pj finitely generated for all j > n + 1. □ 

We now have the following proposition (Proposition 5.1 in [T4]): 

Proposition 2.19. Lei X n be an (n — \)-connected n- dimensional G- 
CW-complex, where n > 2. Let <\> : F — > H n (X n ) be a surjective 
ZG -module map from a free ZG-module F to the nth homology of X n . 
Then X n can be embedded into an n-connected (n+ 1) -dimensional G- 
CW-complex X n+1 such that G acts freely outside X n and there is a 
short exact sequence 

- H n+l (X n+1 ) - P ^ P n (X") ^ 0. 

Finally, we can now prove the implication (i) =^> (ii) of Theorem A. 

Theorem 2.20. Let G be an L,H$-group with cohomology almost ev- 
erywhere finitary. Then G x Z has an Eilenberg-Mac Lane space 
K{G x Z, 1) with finitely many n-cells for all sufficiently large n. 

Proof. Let Y be the 2-complex associated to some presentation of G, 
and let Y denote its universal cover. The augmented cellular chain 
complex of Y is a partial free resolution of the trivial ZG-module, 
which we denote by 

F 2 -> Pi -> Po -> Z -> 0. 
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We can extend this to a free resolution -» Z of the trivial 7LG- 
module, and as G is an LH^-group with cohomology almost everywhere 
finitary, it follows from Lemma l2.16l that there is some m > such that 
the mth kernel 

M := Ker(F m _ 1 -> F m _ 2 ) 

of this resolution is a completely finitary, cofibrant ZG-module. We 
then have the following exact sequence of ZG-modules: 

-> M -> F m _i -> ► F -> Z -> 0. 

Next, recall that the circle S 1 is an Eilenberg-Mac Lane space K(Z, 1), 
with universal cover K. The augmented cellular chain complex of K is 
the following free resolution of the trivial ZZ-module: 

-> ZZ -> ZZ -> Z -> 0. 

If we tensor these two exact sequences together, we obtain the fol- 
lowing exact sequence of Z[G x Z]-modules: 

-> M ® ZZ -> M ® ZZ © F m _! ® ZZ — > 

F m _! O ZZ © F m _ 2 © ZZ -y > F © ZZ -> Z -> 0. 

Now, as M is a completely finitary, cofibrant ZG-module, it follows 
from Proposition 12.141 that M is isomorphic to a direct summand of 
some ZG-module L which has a projective resolution that is eventually 
finitely generated. We then obtain the following exact sequence of 
Z[G x Z]-modules: 

0^L©ZZ^L©ZZ© F m _i © ZZ -> 

F m _i © ZZ © F m _ 2 © ZZ ^ ► F © ZZ -»• Z -»• 0. 

It now follows from Propositions 12.171 and 12.181 that we can extend 
the partial free resolution 

F m _x © ZZ © F m _ 2 © ZZ ^ ► F © ZZ -> Z -»• 

of the trivial Z[G x Z] -module to a free resolution that is eventually 
finitely generated. We shall denote this free resolution by F^ -» Z. 

Next, let X 2 denote the subcomplex of Y x R, consisting of the 0, 1 
and 2-cells. Then, as 

a(Kxi)^c t (y)®c»(i), 

we see that the augmented cellular chain complex of X 2 is the following: 

F% —> F{ —> Fq —> Z —> 0, 
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and, furthermore, that Hi(X 2 ) = for i = 0, 1. We therefore have the 
following exact sequence: 

-> H 2 {X 2 ) -> F[ -> -> Z -> 0, 

and as F3 -» ff 2 (X 2 ), it follows from Proposition 12.191 that we can 
embed X 2 into a 2-connected 3-complex X 3 such that we have the 
following short exact sequence: 

-> # 3 (^ 3 ) -> ^3 -> # 2 (x 2 ) -> 0. 

Then F4 -» if 3 (X 3 ), and we can continue as before. 

By induction, we can then construct a space, which we denote by X, 
such that C n (X) = F' n for all n. Then, as the free resolution F^ -» Z is 
eventually finitely generated, it follows that C n (X) is finitely generated 
for all sufficiently large n. Also, we see that Hi(X) = for all i, and 
so X is contractible (see §1.4 in [4J). 

We see from Proposition 1.40 in [9] that X is the universal cover 
for the quotient space X := X/G x Z, and furthermore that X has 
fundamental group isomorphic to G x Z. Thus, X is an Eilenberg- 
Mac Lane space K(G x Z, 1), and as C n (X) is finitely generated for all 
sufficiently large n, we conclude that X has finitely many n-cells for all 
sufficiently large n, as required. □ 

2.2. Proof of Theorem A (ii) (iii). 

We do not require the assumption that G belongs to lh# for this 
section. 

Recall from page 528 of [9] that a space Y is said to be dominated by 
a space K if and only if Y is a retract of K in the homotopy category; 
that is, there are maps i : Y — > K and r : K — > Y such that ri — idy. 

Proposition 2.21. Suppose that K is a K(G x Z, 1) space with finitely 
many n-cells for all sufficiently large n. Then G has an Eilenberg-Mac 
Lane space K(G, 1) which is dominated by K. 

Proof. As every group has an Eilenberg-Mac Lane space (Theorem 
7.1 §VIII in [4]), we can choose a K(G, 1) space Y. Then, as S 1 is 
a X(Z, 1) space, we see from Example IB. 5 in [9] that Y x S 1 is a 
K(G x Z, 1) space. Then, as K(G x Z, 1) spaces are unique up to 
homotopy equivalence (Theorem IB. 8 in [9]), we see that Y x S 1 ~ X, 
and hence that K is dominated by X. □ 

2.3. Proof of Theorem A (iii) => (i). 

Once again, we do not require the assumption that G belongs to lhJ 
for this section. 
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Lemma 2.22. Let Y be a K(G, 1) space which is dominated by a 
CW-complex with finitely many cells in all sufficiently high dimensions. 
Then we may choose this complex to have fundamental group isomor- 
phic to G. 

Proof. Let Y be dominated by a CW-complex K that has finitely many 
cells in all sufficiently high dimensions, so there are maps 

Y K A Y 
such that ri ~ idy. Applying tti gives maps 



fxr \ Ti(i) / js\ 7ri ( r ) / v \ 



such that 7r 1 (r)7Ti(i) 



id 



7ri(y)- 



Hence, ~K\{r) is surjective. Let K 1 



denote the kernel of vri(r), and let W be a bouquet of circles, with one 
circle for each generator in some chosen presentation of K', so there is 
an obvious map W — > K. 

Next, let CW denote the cone on W, and form the following pushout: 



W 



CW 



i 

-> L 



It follows that L is a CW-complex with finitely many cells in all suffi- 
ciently high dimensions. 

Now, the composite map W — ► K — > Y is clearly nullhomotopic, and 
therefore lifts through the cone, so we have the following diagram: 



CW 




and so by the definition of pushout, there is an induced map L — > Y 
making the above diagram commute. If we now compose this with the 

map Y K — > L, we obtain a map Y — » L — > Y that is homotopic to 
the identity on Y. Hence, Y is dominated by L. 

Finally, by van Kampen's Theorem (Theorem 1.20 in |9j), we see 
that 

n x (L) S n^/lmMW)^^)) 
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as required. □ 

Next, recall from [3] that if P := (Pj)j>o is a chain complex of pro- 
jective ZG-modules, then we define the cohomology theory H*(P, — ) 
determined by P as 

H n (P,M) := tf n (Hom ZG (P*,M)) 

for every ZG-module M and every n £ N. 

Lemma 2.23. Ze£ P := (Pi)«>o &e a chain complex of projective ZG- 
modules. 7/P n _i,P n and P n+ \ are finitely generated, thenH n (P,—) is 
finitary. 

Proof. Firstly, recall from Lemma 4.7 §VIII in [4j that if Q is a finitely 
generated projective module, then the functor Hom ZG (<5, — ) is finitary. 

Next, let M := Coker(P n+1 — > P n ), so we have the following exact 
sequence: 

Pn+l -> Pn -> M -> 0, 

which gives the following exact sequence of functors: 

-> Hom ZG (M, -) Hom ZG (P„, -) -> Hom ZG (P n+ i, -). 

Let (N\) be any filtered colimit system of ZG-modules, so we have the 
following commutative diagram with exact rows: 

> lim A Hom ZG (M, N\) > lim A Hom ZG (P n , N\) > lim A Hom ZG (P n+ i, 

> Hom ZG (M, lim A jV\) > Hom ZG (P n , lim A A^ A ) > Hom ZG (P n+ i, lim ; 

and as both Hom ZG (P n , — ) and Hom ZG (P n+1 , — ) are finitary, the two 
right-hand maps are isomorphisms. It then follows from the Five 
Lemma that the natural map 

hm Hom ZG (M, N\) -> Hom ZG (M, lim N x ) 

A A 

is an isomorphism, and hence that Hom ZG (M, — ) is finitary. 
Then, as we have the following exact sequence of functors: 

Hom ZG (P„_ 1 , -) -> Hom ZG (M, -) -> H n (P, -) -> 0, 

the result now follows from another application of the Five Lemma. □ 

We can now prove the implication (iii) =^> (i) of Theorem A: 
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Proposition 2.24. Suppose that G has an Eilenberg-Mac Lane space 
K(G, 1) which is dominated by a CW-complex with finitely many n-cells 
for all sufficiently large n. Then G has cohomology almost everywhere 
finitary. 

Proof. This is a generalization of the proof of Proposition 6.4 §VIII in 

Let Y be such a K(G, 1) space. By Lemma 12.221 we see that Y is 
dominated by a CW-complex K with finitely many cells in all suffi- 
ciently high dimensions, such that K has fundamental group isomor- 
phic to G. Let Y and K denote the respective universal covers. We 
see that C*(F) is a retract of C*(K) in the homotopy category of chain 
complexes over ZG. Therefore, we obtain maps giving the following 
commutative diagram: 

H*(G,-) >H*{C,-) 




H*(G,-) 

where H*(C, — ) denotes the cohomology theory determined by C*{K). 
We then conclude that H*(G, — ) is a direct summand of H*(C, — ). 

Now, as K has finitely many cells in all sufficiently high dimensions, 
it follows that C*(K) is eventually finitely generated, and so by Lemma 
I2.23l that H k (C, — ) is finitary for all sufficiently large k. The result then 
follows from an application of the Five Lemma. □ 
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